
 

 

PLEASE SCROLL DOWN FOR ARTICLE

This article was downloaded by:
On: 30 January 2011
Access details: Access Details: Free Access
Publisher Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Spectroscopy Letters
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713597299

Kinematical and Dynamical Inelastic Light Scattering in Conducting
Crystals
O. Kellera

a Group of Physics, Institute 7 Aalborg University Centre, Aalborg, Denmark

To cite this Article Keller, O.(1978) 'Kinematical and Dynamical Inelastic Light Scattering in Conducting Crystals',
Spectroscopy Letters, 11: 3, 187 — 211
To link to this Article: DOI: 10.1080/00387017808067745
URL: http://dx.doi.org/10.1080/00387017808067745

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, loan or sub-licensing, systematic supply or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.

http://www.informaworld.com/smpp/title~content=t713597299
http://dx.doi.org/10.1080/00387017808067745
http://www.informaworld.com/terms-and-conditions-of-access.pdf


SPECTROSCOPY LETTERS, 11(3), 187-211 (1978) 

KINEMATICIU AND DYNAMICAL INELASTIC LIGHT SCATTERING 
I N  CONDUCTING CRYSTALS * 

0. Keller 
Group of Physics ,  I n s t i t u t e  7 

Aalborg Universi ty  Centre ,  .DK-9100 Aalborg, Denmark 

Fundamentals of the kinematical  quantum theory of 
i n e l a s t i c  l i g h t  s c a t t e r i n g  from e l e c t r o n i c  e x c i t a t i o n s  
i n  conducting c r y s t a l s  a r e  reviewed. Keeping both the  
I - ? / '  and s-2 terms i n  t h e  photon-electron i n t e r a c t i o n  
the general  expression f o r  t h e  d i f f e r e n t i a l  s c a t t e r i n g  
c ros s - sec t ion  is obtained.  Emphasizing opac i ty  e f f e c t s  
and a n i s o t r o p i e s  a r i s i n g  from t h e  Doppler s h i f t  t h e  
s c a t t e r i n g  kinematics  i s  analyzed. The s c a t t e r i n g  from 
f r e e - c a r r i e r  d e n s i t y  f l u c t u a t i o n s  is considered b r i e f l y .  
The b a s i c  concepts of a r e c e n t l y  e s t a b l i s h e d  phenomeno- 
l o g i c a l  theory of dynamical l i g h t  d i f f r a c t i o n  i n  opaque 
c r y s t a l s  are discussed,  and some a s p e c t s  of a p red ic t ed  
phonon induced anomalous t ransmission of l i g h t  below 
the plasma edge i n  semiconductors a r e  s tud ied .  

* Presented by invitation of the GPS Chairman ac the 5 l - s t  Annual 
Meeting of the Louisiana Academy of Sciences, February 4, 197, 
Shreveport, Louisiana,USA. 
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I. INTRODUCTION 

KELLER 

The purpose of this paper is twofold. One is t o  review 

some o f  t he  bas i c  p r o p e r t i e s  of t he  quantum theory of kinematical  

i n e l a s t i c  l i g h t  s c a t t e r i n g  from e l e c t r o n i c  e x c i t a t i o n s  i n  

conducting c r y s t a l s .  The books by Cardona e t  al.', and by Pla tz -  

man and WolffL are e x c e l l e n t  genera l  r e fe rences  f o r  t h i s  s u b j e c t .  

The other is t o  p re sen t  a r ecen t ly  e s t a b l i s h e d  semi-c lass ica l  

theory of sound induced dynamical l i g h t  d i f f r a c t i o n  i n  semicon- 

duc to r s  . 3 

I n  s e c t i o n  If t h e  d i f f e r e n t i a l  s c a t t e r i n g  c ross -sec t ion  

is obta ined  us ing  time-dependent pe r tu rba t ion  theory.  The c o n t r i -  

bu t ions  t o  the cross-sec t ion  a r i s i n g  from the lzl' and terms 

i n  the photon-electron i n t e r a c t i o n  Hamiltonian a r e  ca l cu la t ed  by 

f i r s t -  and second-order pe r tu rba t ion  expansion, r e spec t ive ly .  

The i n e l a s t i c  s c a t t e r i n g  kinematics i n  t r anspa ren t  and 

opaque c r y s t a l s  is considered i n  s e c t i o n  111, and it is shown 

t h a t  an iso t ropy  e f f e c t s  may occur  a s  a consequence of t he  Doppler 

s h i f t  a s soc ia t ed  wi th  t h e  s c a t t e r i n g  event  even i f  frequency - 
and angular  d i spe r s ions  of t h e  r e f r a c t i v e  index are n e g l i g i b l e .  

I n  s e c t i o n  I V  w e  d i s c u s s  the s c a t t e r i n g  from free c a r r i e r s  

i n  the  l i m i t  where the c r o s s  tenns  i n  the 121' electron-photon 

coupling dominate. The genera l  theory is appl ied  t o  s c a t t e r i n g  

from a nonin terac t ing  e l e c t r o n  gas. 

Sec t ion  V is devoted t o  a study of induced dynamical 

d i f f r a c t i o n  of l i g h t  i n  semi - in f in i t e  opaque c r y s t a l s .  Using a 

q u a s i - s t a t i c  two-wave i n t e r f e r e n c e  approximation t h e  complex 

wave vec to r s  of the o p t i c a l  eigenmodes are determined, and the 

condi t ion  for induced transparency is given. F i n a l l y ,  the theory 
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is  a p p l i e d  t o  t h e  c a s e  where t h e  d i f f r a c t i o n  from a c o l l i s i o n l e s s  

s o l i d - s t a t e  plasma dominates.  

11. DIFFERENTIAL SCATTERING CROSS-SECTION 

The system we a r e  concerned wi th  i n  t h i s  s e c t i o n  c o n s i s t s  

R' of a r a d i a t i o n  f i e l d ,  d e s c r i b e d  by a r a d i a t i o n  Hamiltonian I? 

and a m a t e r i a l  sys tem,  d e s c r i b e d  by a Hamiltonian fi,. Radia t ion  

and matter i n t e r a c t  v i a  an i n t e r a c t i o n  Hamil tonian  HMR. I n  an  

i n e l a s t i c  l i g h t  s c a t t e r i n g  p rocess  a quantum o f  t h e  i n c i d e n t  

r a d i a t i o n  is  a n n i h i l a t e d  and a quantuin o f  t he  s c a t t e r e d  r a d i a t i o n  

i s  c r e a t e d .  I n  a S tokes  p r o c e s s  a c o l l e c t i v e  e x c i t a t i o n  or a 

q u a s i - p a r t i c l e  i s  c r e a t e d  whereas an e lementary  c r y s t a l  e x c i t a t i o n  

is a n n i h i l a t e d  i n  an  an t i -S tokes  e v e n t .  The an t i -S tokes  p r o c e s s  

can  occur  only  i f  t h e  c r y s t a l  i s  i n i t i a l l y  i n  a n  e x c i t e d  s t a t e .  

I n  t h e  absence  of any i n t e r a c t i o n  between t h e  r a d i a t i o n  

A 

and matter f i e l d s  t h e  unper turbed  Hamiltonian f o r  t h e  combined 

sys tem of photons and e l e c t r o n s  i s  g iven  by 

c 

I n  t h e  l a s t  te rm,  which r e p r e s e n t s  HR 

formalism, t h e  c r e a t i o n  and d e s t r u c t i o n  o p e r a t o r s  f o r  photons  of 

wave v e c t o r  k, p o l a r i z a t i o n  LI, and a n g u l a r  f requency  wA have 

i n  t h e  second-quan t i za t ion  

+ 

been denoted  by and :+ . 
kp ku 

k U  

The  coup l ing  of n o n - r e l a t i v i s t i c  e l e c t r o n s ,  w i t h  cha rge  

-e and mass m ,  t o  a r a d i a t i o n  f i e l d  described by the v e c t o r  

p o t e n t i a l  A,- can  be ana lyzed  by decomposing the i n t e r a c t i o n  

Hamiltonian i n t o  t w o  terms 
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n n h 

n m =  H ~ + H =  . 
KELLER 

(2) 

The quantum-mechanical express ion  f o r  t he  term HA, which is  

l i n e a r  i n  A, can  be w r i t t e n  

.b 

where e+ is the unit p o l a r i z a t i o n  v e c t o r  f o r  a t r ansve r se  photon 

c , p .  The normal iza t ion  volume is V. T h e  term A,, which is 

quadra t i c  i n  the vector  p o t e n t i a l ,  is given  by 

ku 

In Eqs. (3 )  and ( 4 )  the Four ie r  transform of t h e  m&y-particle 

number and momentum ope ra to r s  of the e l e c t r o n s ,  i .e.  

and analogous 
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INELASTIC LIGHT SCATTERING IN CONDUCTING CRYSTALS 19 1 

A 

+ 
have been in t roduced ;  r and $ be ing  t h e  p o s i t i o n  and momentum 

o p e r a t o r s  of t h e  j t h  e l e c t r o n .  The no rma l i za t ion  c o n d i t i o n  used 

f o r  t h e  v e c t o r  p o t e n t i a l  is such t h a t  t h e  obse rvab le  energy  

f l u x  d e n s i t y  of photons i n  t h e  mode g u  becomes 

j j 

i . e .  wi th  t h e  zero-poin t  c o n t r i b u t i o n  removed, t h e  e x p e c t a t i o n  

va lue  o f  t h e  Poynting v e c t o r  o p e r a t o r  f o r  t h e  mode. The number 

of photons i n  t h e  mode h a s  been denoted  by n+ .. 
ku 

Since  l i g h t  s c a t t e r i n g  i s  a two-photon p r o c e s s  i n  which 

t h e  s c a t t e r i n g  medium through t h e  e l e c t r o n - r a d i a t i o n  i n t e r a c t i o n  

d e s t r o y s  t h e  i n c i d e n t  photon and c r e a t e s  t h e  s c a t t e r e d  photon 

it fo l lows  from Eqs. ( 3 )  and ( 4 )  t h a t  a time-dependent p e r t u r -  

b a t i o n  c a l c u l a t i o n  o f  t h e  ra te  of s c a t t e r i n g  from an  i n i t i a l  

s t a t e  [I> t o  a f i n a l  s t a t e  IF> of t h e  unpe r tu rbed  system de- 

s c r i b e d  by t h e  Hamiltonian 6, h a s  t o  be c a r r i e d  o u t  t o  f i r s t  

o r d e r  i n  HAA (The Fermi golden  r u l e )  and t o  second o r d e r  i n  HA. 

The t r a n s i t i o n  p r o b a b i l i t y  pe r  u n i t  t i m e  c o n s i s t e n t  w i th  a 

g iven  f i n a l  energy  f o r  t h e  s c a t t e r e d  p a r t i c l e  i s  t h u s  

n A 

L LI-=L A A  

The s ta tes  IL> which occur  i n  t h e  second term of  Eq. ( 8 )  are 

t h e  v i r t u a l  i n t e r m e d i a t e  states f o r  t h e  t r a n s i t i o n .  The energy 

e i g e n v a l u e s  of t h e  unper turbed  s ta tes  have been denoted  Ex, EL,  

and EF. 

By combining E q s .  (31, ( 4 ) ,  and ( 8 )  it  appea r s  t h a t  t h e  

t r a n s i t i o n  r a t e  from an  i n i t i a l  photon s t a t e  (ul, zl, u- ) t o  
k l U l  
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192 KELLER 

a f i n a l  s t a t e  (u2,  g2, a+ 
shor tnes s  denoted (1, wl) and ( 2 ,  w 2 ) )  can be w r i t t e n  more 

e x p l i c i t l y  as 

1 ( i n  t h e  following o f t e n  f o r  
k2u2 

A 

~n-l,l,f~HA~n-l,O,~><n-l,O,L~HA~n,O,i~ 
z c  Ei-EQ+?bl + 
e 

The f i r s t  and second e n t r i t i e s  i n  the  b r a  and k e t s  f o r  t h e  t o t a l  

f i n a l  and i n i t i a l  states r e f e r  i n  the  occupation-number formalism 

t o  t h e  i n i t i a l  and f i n a l  photon states.  The ene rg ie s  of t h e  

i n c i d e n t  and s c a t t e r e d  photons are hwl and hw2, r e spec t ive ly .  

The exac t  i n i t i a l ,  in te rmedia te ,  and f i n a l  many-body s t a t e s  of 

t he  c r y s t a l  are li>, l a > ,  and If>;  t h e  ene rg ie s  of t h e  s t a t e s  

being E i ,  EL, and E f .  The o v e r a l l  energy conserva t ion  i n  the 

s c a t t e r i n g  process is expressed i n  terms of the d e l t a  func t ion .  

The t h r e e  con t r ibu t ions  t o  t h e  s c a t t e r i n g  mat r ix  element 

a r e  shown g raph ica l ly  in Fig. 1. Diagram (a) corresponds,  i n  

accordance wi th  the second o rde r  cha rac t e r  of  t h e  H m i l t o n i a n  

Ha, 
2. I n  diagram (b) the  ma te r i a l  system absorbs i n  a v i r t u a l  

process a photon of angular  frequency w l ,  and then e m i t s  a 

photon of frequency w 2 ,  and i n  diagram (c) the  c r y s t a l  system 

e m i t s  w 2  f i r s t ,  and then  absorbs w1. 

t o  a simultaneous absorp t ion  and emission of photons 1 and 
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INELASTIC LIGHT SCATTERING IN CONDUCTING CRYSTALS 193 

Fig .  1 Feynman diagrams r e p r e s e n t i n g  t h e  t h r e e  p o s s i b l e  con- 

t r i b u t i o n s  t o  the f i r s t - o r d e r  i n e l a s t i c  l i g h t  s c a t t e r i n g  m a t r i x  

e lement .  Diagram ( a )  d e s c r i b e s  t h e  f i r s t - o r d e r  i n t e r a c t i o n  v i a  

t h e  Hamiltonian HU, and diagrams (b) and (c)  t h e  t w o  t y p e s  of 

second-order i n t e r a c t i o n  a r i s i n g  from t h e  o p e r a t o r  HA. 
* 

The rate o f  energy removal from t h e  i n c i d e n t  beam i s  

Z fi15w2/T1+2 
2 
states  u ,  

t o t a l  p o w e r  s c a t t e r i n g  c r o s s - s e c t i o n  is g iven  by 

where t h e  summation i s  ove r  possible s c a t t e r e d  photon 

S ince  t h e  i n c i d e n t  l i g h t  i n t e n s i t y  i s  cfiwlnl /V the 
-4 

k2. 

The d i f f e r e n t i a l  s c a t t e r i n g  c r o s s - s e c t i o n  is o b t a i n e d  

from Eq. (10) by c o n v e r t i n g  the summation o v e r  z2u2 to  an 

i n t e g r a t i o n ,  

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
4
:
2
2
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



19 4 KELLER 

(11) 

where dil is an element of s o l i d  angle  around z2. 
By combining Eqs. ( 3 ) ,  ( 4 1 ,  ( 9 1 ,  (101, and (11) and 

u t i l i z i n g  t h a t  the only  non-vanishing mat r ix  elements of a+  

and Gr are 
ku 

ku 

the d i f f e r e n t i a l  p h o t o n  s c a t t e r i n g  c ros s - sec t ion ,  which i s  

w1/w2 t i m e s  t h e  p o w e r  s c a t t e r i n g  c ros s - sec t ion ,  can be w r i t t e n  

where 6 T i t f  is a second-rank t enso r  wi th  components < f  I 6 x a b j  i> 

given by 

The mat r ix  element i n  Eq. ( 1 4 )  is propor t iona l  t o  t h e  ab 

component of the t r a n s i t i o n  electric s u s c e p t i b i l i t y  t enso r .  

As i nd ica t ed  by the Kroiecker d e l t a  t he  f i r s t  term on t h e  
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200 KELLER 

and temparal f l u c t u a t i o n s  i n  the e l e c t r o n i c  c o n t r i b u t i o n  t o  t h e  

electric s u s c e p t i b i l i t y ,  i .e. 

-c where t h e  f l u c t u a t i o n  due t o  the  elementary e x c i t a t i o n  (n;,q) 

i s  given by 

I n  opaque c r y s t a l s  the o p t i c a l  wave vec to r s  a r e  complex i . e .  

2, = Rezl+iIdl and z2 = R e z 2 + i I m k Z .  
i. 

I f  t he  s c a t t e r i n g  volume is a r ec t angu la r  p a r a l l e l l e p i p e d  

V = H a, it follows from t h e  t rea tment  i n  s e c t i o n  I f ,  and from 
i L  

Eqs. (23) and 

opaque c r y s t a l  

2 4 )  t h a t  t h e  s c a t t e r i n g  c ross -sec t ion  i n  an 

is propor t iona l  t o  

i n  the l i m i t  where the  l i n e a r  ex tens ions  of t h e  s c a t t e r i n g  

volume a r e  large i n  comparison w i t h  the pene t r a t ion  depths of 

the r a d i a t i o n  i.e. ai(Imkl)i, ai(ImkZIi >> 1. Thus, it is rea- 

l i z e d  t h a t  t h e  i n e l a s t i c  s c a t t e r i n g  i n  opaque media i s  due to  

e x c i t a t i o n s  having a range of wave vec to r s  
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19 6 KELLER 

The r a t i o  between the magnitudes o f  the inc iden t  and 

s c a t t e r e d  wave vec to r s  is given  by 

where n1 and n2 are the r e f r a c t i v e  ind ices  of the c r y s t a l  for 

the i n c i d e n t  and s c a t t e r e d  l i g h t  beams. 

According to Eq. (17) dev ia t ions  from the i s o s c e l e s  

pseudomentw t r i a n g l e ,  which is w e l l  known from elastic Bragg 

d i f f r a c t i o n ,  can occur i f  the c r y s t a l  is o p t i c a l l y  an i so t rop ic  

o r  i f  l i g h t  frequency d i spe r s ion  e f f e c t s  are of importance. 

However, it also appears from the l a s t  f a c t o r  i n  Eq. (17) t h a t  

t he  n o m a l  Bragg l a w  is v i o l a t e d  " d i r e c t l y "  as a consequence . 
of  the Doppler s h i f t  a s soc ia t ed  w i t h  an i n e l a s t i c  s c a t t e r i n g  

process.  Impl ica t ions  f o r  the s c a t t e r i n g  kinematics a r i s i n g  

from t h i s  f a c t ,  which seem to have been almost overlooked i n  

the l i t t e r a t u r e ,  are d iscussed  s h o r t l y  below. Thus, f o r  an 

i s o t r o p i c  solid where the  frequency d i spe r s ion  of t he  * re f r ac t ive  

index can be neglec ted ,  one o b t a i n s  by combining Eqs. (15) and 

(16) the  following express ions  f o r  t h e  Bragg angles  (811021 of 

the  i n c i d e n t  and s c a t t e r e d  l i g h t  

and 

w1 
where we  have introduced the r a t i o  
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between t h e  phase v e l o c i t i e s  o f  the  c r y s t a l  e x c i t a t i o n  and t h e  

l i g h t .  R e s t r i c t i n g  the a n a l y s i s  t o  o p t i c a l  e n e r g i e s  which are 

l a r g e  compared t o  t h e  c r y s t a l  e x c i t a t i o n  e n e r g i e s  i . e .  24 < <  w 

Eqs. (18) and (19) a r e  reduced t o  
1 9 

and 

L e t  u s  apply  t h e  r e s u l t s  ob ta ined  i n  Eqs. (21) and ( 2 2 )  

t o  s c a t t e r i n g  from (1) o p t i c a l  phonons c h a r a c t e r i z e d  by t h e  

s imple  d i s p e r s i o n  r e l a t i o n  Q+ = Oo, independent  of q, and (ii) 

a c o u s t i c  phonons showing no d i s p e r s i o n  i . e .  R- = Vpq, where t h e  

a c o u s t i c  phase v e l o c i t y  V 

For c l e a r n e s s ,  on ly  t h e  S tokes  p r o c e s s  i s  cons ide red  below. I n  

case ( i ) ,  t h e r e  occur  a minimum v a l u e  of q o b t a i n e d  i n  forward 

s c a t t e r i n g  and g iven  by z nil+/c as i n d i c a t e d  i n  F ig .  2 .  

The o p t i c a l  wave v e c t o r s  are i n  t h i s  l i m i t  p a r a l l e l  to  kin. 
The maximum v a l u e  of q i s  o b t a i n e d  i n  b a c k s c a t t e r i n g  and g iven  

by qmax 2nwl/c. Inbetween t h e s e  l i m i t s  t h e r e  i s  a minimum i n  

s i n e l  a t  q = (n / c )  (2u1R0)'. The q u a n t i t y  s i n e 2  i s  a monotonica l ly  

i n c r e a s i n g  f u n c t i o n  of q ,  which h a s  a ze ro  c o i n c i d e n t  w i t h  t h e  

minimum i n  sine1. I n  c a s e  (ii) s i n e l  and s i n e 2  i n c r e a s e  b o t h  

l i n e a r l y  towards %ax : 2nw /c s i n c e  t h e  r a t i o  between t h e  

a c o u s t i c a l  and o p t i c a l  phase  v e l o c i t i e s  i s  much smaller t h a n  

u n i t y .  For q + 0 one  o b t a i n s  s i n e l  - s i n e 2  + s i n e O  = V / ( c / n ) < < l ,  

which shows t h a t  the s c a t t e r i n g  i s  forward  b u t  w i t h  the a c o u s t i c a l  

and o p t i c a l  wave vectors almost p e r p e n d i c u l a r  to e a c h  o t h e r  (see 

Fig. 3 ) .  

q 

q 
i s  assumed t o  be independent  of G. 

P 
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198 KELLER 

Fig. 2 S i n e  of t h e  Bragg ang le s  of t h e  i n c i d e n t  (1) and 

s c a t t e r e d  ( 2 )  photons as a func t ion  of the reduced o p t i c a l  

phonon wave vec to r  for a Stokes process .  The d i spe r s ion  r e l a -  

t i o n  o f  t he  o p t i c a l  phonon, and t h e  s c a t t e r i n g  kinematics for 

the  l i m i t i n g  phonon wave vec to r s  are shown i n  the  i n s e r t s .  The 

kinematics is h ighly  a n i s o t r o p i c  f o r  phonons i n  the  long wave- 

l eng th  region. 
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INELASTIC LIGHT SCATTERING IN CONDUCTING CRYSTALS 199 

1 

- 
E 
cn .- 

-7 
7 2;-0 qrnax c 

Iq q 

Fig .  3 

q 42kl) _L 

S i n e  of t h e  Bragg a n g l e s  of t h e  i n c i d e n t  (1) and 

s c a t t e r e d  ( 2 )  photons as a f u n c t i o n  of the normal ized  a c o u s t i c  

phonon wave v e c t o r  f o r  a S tokes  p rocess .  The v e r t i c a l  s e p a r a t i o n  

of t h e  two l i n e a r  c u r v e s  is  2nV /c < <  1. The i n s e r t s  show t h e  
P 

a c o u s t i c  phonon d i s p e r s i o n  r e l a t i o n ,  and t h e  s c a t t e r i n g  kinerna- 

t ics f o r  t h e  l i m i t i n g  phonon wave v e c t o r s .  

To ana lyze  t h e  s c a t t e r i n g  k inemat i c s  i n  opaque c r y s t a l s  

one  makes use  of t h e  f a c t  (see s e c t i o n  I V  f o r  the d e t a i l s )  t h a t  

t h e  s c a t t e r i n g  c r o s s - s e c t i o n  i s  p r o p o r t i o n a l  to  

<i I 6x12 (2, t) 6 i 1 2  ( 2 , O )  1 i>, where k' = 21-k'2 is t h e  s c a t t e r i n g  

wave v e c t o r ,  and 6 x l 2 ( 2 , t )  = e2-6;i'f (c,t)*gl. The o p e r a t o r  

6 i 1 2 ( % , t )  is p r o p o r t i o n a l  to  t h e  F o u r i e r  t r ans fo rm o f  t h e  spat ia l  

*t 
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INELASTIC LIGHT SCATTERING IN CONDUCTING CRYSTALS 

IV. SCATTERING FROM FREE CARRIERS 

The summation o v e r  f i n a l  s t a t e s  f of t h e  many-body 

system appear ing  i n  Eq. 

using t h e  Dirac d e l t a - f u n c t i o n  r e p r e s e n t a t i o n  

(13) can  be  c a r r i e d  o u t  fo rma l ly  by 

T Ei-Ef 
6(?;- Ei-Ef + w1-w2) = - 1 l i m  e x p [ i ( T  +w1-w2)tJdtt 

2n T-cm -T 
128)  

t h e  c l o s u r e  theorem 

and t h e  r e l a t i o n  

201 

* 
where t h e  p e r t u r b a t i o n  o p e r a t o r  0 i n  t h e  Heisenberg  r e p r e s e n t a t i o n  

is g iven  by 
A 

h iHMt/fi -iHMt/h 
O ( t )  = e O ( 0 ) e  

As a r e s u l t  o f  t h i s  procedure  one  o b t a i n s  

n - b  + - i , f  + * 
where 6x12(k , t )  = e 2 - 6 x  

t r a n s i t i o n  s u s c e p t i b i l i t y  o p e r a t o r  i n  the Heisenberg  r e p r e s e n t a t i o n .  

( k , t ) - e l  i s  p r o p o r t i o n a l  t o  t h e  

When t h e  o p t i c a l  e n e r g i e s  are l a r g e  compared to impor t an t  

e x c i t a t i o n  e n e r g i e s  of the many-body sys tem t h e  s c a t t e r i n g  from 

t h e  solid s t a t e  plasma is u s u a l l y  dominated by t h e  c r o s s  terms 

i n  the HAA 
a 

e lec t ron -pho ton  coup l ing .  Neg lec t ing  t h e  second t e r m  
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202 KELLER 

i n  Eq. ( a ) ,  t h e  s c a t t e r i n g  c ros s - sec t ion  may be w r i t t e n  a s  

+ 
where i ( Q , t )  = k ( c , t ) / V  is t h e  Four i e r  transform of t h e  e l e c t r o n  

d e n s i t y  ope ra to r .  

If the c r y s t a l  is i n i t i a l l y  i n  thermal equ i l ib r ium t h e  

s c a t t e r i n g  c ros s - sec t ion  per  u n i t  volume ( V  = 1) takes t h e  form 

where the q u a n t i t y  

is the so-ca l led  dynamical s t r u c t u r e  f a c t o r ,  and where < .  . .>T 
denotes  the thermal ensemble average over  t h e  c r y s t a l  i n i t i a l  

states. The f a c t  t h a t  t h e  dynamical s t r u c t u r e  f a c t o r  is the 

space-time Four ie r  transform of  the e l e c t r o n  dens i ty-dens i ty  

c o r r e l a t i o n  func t ion  i . e .  

i n d i c a t e s  t h a t  t h e  e l e c t r o n  d e n s i t y  f l u c t u a t i o n s  a r e  r e spons ib l e  

f o r  the s c a t t e r i n g  from t h e  plasma. 

I n  t h e  simple case of a non in te rac t ing  e l e c t r o n  gas  the  
+ 

dynamical s t r u c t u r e  f a c t o r  S,,(Q,n) can  e a s i l y  be eva lua ted .  I n  

second quant ized  no ta t ion ,  one has  

-t - 
2 K+Q K 

G t i 5 , O )  = z c, +-c+ ( 3 7 )  
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I N E L A S T I C  L I G H T  SCATTERING I N  CONDUCTING CRYSTALS 20 3 

-t A 

where C, and C, are t h e  u s u a l  c r e a t i o n  and a n n i h i l a t i o n  o p e r a t o r s .  

Combining Eq. (371, t h e  Hami l tonian  
K K 

and the 

one can 

so ( L n )  

where 

Fermion c o m u t a t i o n  r u l e  

show t h a t  

I (39) 

-.I. A 

h2K2 i s  t h e  Fermi-Dirac d i s t r i b u t i o n  f u n c t i o n ,  and E, = - 
energy of t h e  p l ane  e l e c t r o n  wave having a wave v e c t o r  2. I t  

fo l lows  d i r e c t l y  from Eq. ( 4 0 )  tha t  S o ( 6 , f 2 )  r e p r e s e n t s  t h e  sum 

of a l l  p o s s i b l e  s c a t t e r i n g  e v e n t s  i n  which an  e l e c t r o n  goes 

f r o m  a f i l l e d  s ta te  % t o  an empty s t a t e  g+G w i t h  c o n s e r v a t i o n  

of energy  and momentum between t h e  t a r g e t  and t h e  i n c i d e n t  

photon. 

2m 

V. DYNAMICAL DIFFRACTION 

When the c r y s t a l  is opaque t o  the i n c i d e n t  and s c a t t e r e d  

l i g h t .  i n t e r f e r e n c e  e f f e c t s  among t h e  p l a n e  wave components o f  

the o p t i c a l  wave f i e l d  must be  cons ide red  by r e p l a c i n g  t h e  
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204 KELLER 

usual  k inemat ica l  theory of i n e l a s t i c  s c a t t e r i n g  by a dynamical 

one,  

In  t h i s  s e c t i o n  some fundamentals of a r ecen t ly  e s t a b l i s h e d  

phenomenological theory,  which is based on a two-wave i n t e r f e r e n c e  

approximation, a r e  ou t l ined .  I t  is  assumed t h a t  ( I )  t h e  c r y s t a l  

is semi - in f in i t e ,  (11) t h e  wave vec to r  of t h e  d i e l e c t r i c  d i s t u r b -  

ance is p a r a l l e l  to  t h e  su r face ,  (111) t h e  s c a t t e r i n g  plane is  

perpendicular  t o  the  boundary plane,  (IV) only  bulk s c a t t e r i n g  

e f f e c t s  are of importance, and (V) a q u a s i - s t a t i c  approximation 

A. Boundary e f f e c t s  

Limiting the  a n a l y s i s  to i s o t r o p i c  s c a t t e r i n g  geometries 

one f inds  t h a t  the  real wave vec tors  of the  inc iden t  (cOl) and 

s c a t t e r e d  (Zo2) o p t i c a l  waves o u t s i d e  the c r y s t a l  a r e  r e l a t e d  

by t h e  equat ion  

I n s i d e  the c r y s t a l  t h e  i n c i d e n t  and s c a t t e r e d  waves a r e  inhomo- 

geneous. Elementary cons ide ra t ions  based on Maxwell's equa t ions  

and Bragg's law show t h a t  t h e  real p a r t s  of t he  " ins ide"  wave 

vec to r s  f u l f i l  t he  condi t ion  

and the  imaginary p a r t s  the  r e l a t i o n  

where A is a u n i t  vec to r  perpendicular to the  su r face ,  and y 

is the amplitude a t t e n u a t i o n  c o e f f i c i e n t  of the modes. 
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I N E L A S T I C  L I G H T  S C A T T E R I N G  I N  C O N D U C T I N G  CRYSTALS 205 

B.  Wave f i e l d  

The wave f i e l d  i n  t h e  c r y s t a l  i s  o b t a i n e d  by s o l v i n g  

t h e  inhomogeneous t i m e - i n d e p e n d e n t  wave e q u a t i o n  f o r  t h e  t o t a l  

f i e l d  E(z,u) n e g l e c t i n g  the Doppler  s h i f t s  (.L = u 2  : d l l  ’ 

+t where  E,, i s  the u n p e r t u r b e d  r e l a t i v e  d i e l e c t r i c  t e n s o r ,  and 

t ( r , d )  i s  t h e  t i m e - i n d e p e n d e n t  p a r t  o f  t n e  harmonic  plane-wave 

component ( J - , ; )  of the d i e l e c t r i c  d i s t u r b a n c e .  The a m p l i t u d e  

w i l l  be named t, . The g r a d i e n t  o p e r a t o r  h a s  been  d e n o t e d  by 

L 1 +  

9 - 3  

4 
A - 
i .  

R e s t r i c t i n g  t h e  d i s c u s s i o n  t o  the i n t e r e s t i n g  case where  

t h e  i n c i d e n t  and  s c a t t e r e d  waves a r e  p o l a r i z e d  p e r p e n d i c u l a r  t o  

t h e  s c a t t e r i n g  

a p p r o x i m a t i o n  

p l a n e ,  one o b t a i n s  i n  a two-wave i n t e r f e r e n c e  

where  the real and  i m a g i n a r y  par ts  o f  t h e  wave vector components  

of the t w o  e igenmodes (+ , r )  p e r p e n d i c u l a r  t o  t h e  s u r f a c e  a re  

g i v e n  by 

I ( 4 7 )  
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I n  the above e q u a t i o n s  the a p p r o p r i a t e  components of t h e  complex 

d i e l e c t r i c  t e n s o r  have  been denoted  by a t i l d e .  

The components of the wave v e c t o r s  of t h e  p l u s  and 

minus s i g n  modes parallel t o  the s u r f a c e  are e q u a l  and real ,  

and i n  magnitude g i v e n  by 

The dynamical  s c a t t e r i n g  k i n e m a t i c s  is shown s c h e m a t i c a l l y  

i n  F ig .  4 .  

The phase f a c t o r  $ * ,  is f o r  the a n t i - S t o k e s  p r o c e s s  
4 

g i v e n  by 

and f o r  t h e  S t o k e s  p r o c e s s  by 0 + = - p +  . The i n t e r p r e t a t i o n  

o f  t h e  o p t i c a l  wave p a t t e r n  i n  t h e  c r y s t a l ,  as g i v e n  by Eq. ( 4 6 ) ,  

is s t r a i g h t f o r w a r d .  

-¶ 9 

According t o  Eq. ( 4 8 )  t h e  c o n d i t i o n  f o r  h i g h l y  t r a n s p a r e n -  

c y  of t h e  material  is 
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F i g .  4 Q u a s i - e l a s t i c  dynamica l  l i g h t  d i f f r a c t i o n  k i n e m a t i c s  

for t h e  t w o  o p t i c a l  e igenmodes  o u t s i d e  and i n s i d e  t h e  c r y s t a l .  

I t  s h o u l d  be n b t i c e d  t i iat  t h e  o p t i c a l  p r o p e r t i e s  of a 

d i e l e c t r i c  p e r t u r b e d  c r y s t d l  c a n  be o t t d i n e d  from t h e  u n p e r t u r b e d  

case by making t h e  rep1 <izei,.c ,,t 

C .  Bunched c o l l i s i o n l e s s  plasma 

I n  the f o l l o w i n g  the basic f o r m u l a t i o n  ot d y n a m i c a l  

d i f f r a c t i o n  g i v e n  i n  t h e  pic c d i n g  s u b s e c t i o n s  1s  a p p l i e d  to  

the case where  t h e  s c a t t e r i i t y  frLm f r e e - c a r r i e r  d e n s i t y  waves 

d o m i n a t e s .  I t  i s  assumed t h a t  t h e  solid-: ' i t  - m a  is 

c o l l i s i o n l e s s .  

I n  the long w a v e l e n g t h  l i m i t  the u n p e r t u r b e d  d i e l e c t r i c  

c o n s t a n t  is g i v e n  b y  
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208 KELLER 

where 1; is  t h e  l a t t i c e  c o n t r i b u t i o n  t o  t h e  a p p r o p r i a t e  d i e l e c -  

tric c o n s t a n t ,  and G is  t h e  a n g u l a r  plasma f requency .  I t  i s  

assumed t h a t  ti i s  real. The p e r t u r b e d  d i e l e c t r i c  c o n s t a n t  h a s  

a n  ampl i tude  

P 

5 

I ( 5 4 )  

where A +  i s  t h e  ra t io  between the ampl i tude  of t h e  s p a c e  c h a r g e  

d e n s i t y  wave and the e q u i l i b r i u m  dens i t j r .  I n  semiconductors  t h e  

bunching of the free carriers c a n  be o b t a i n e d  v i a  p i e z o e l e c t r i c  

c o u p l i n g  o r  deformat ion  p o t e n t i a l  c o u p l i n g  t o  e l a s t i c  waves. 

o f  

4 

6 

I n t r o d u c i n g  t h e  dynamical  plasma f r e q u e n c i e s  c' 
dYn 

t h e  forward  d i f f r a c t e d  eigerunodes 

it f o l l o w s  by combining Eqs. ( 4 7 ) ,  ( 4 8 ) ,  ( 5 3 1 ,  and ( 5 . 1 )  t h a t  

the e l e c t r o m a g n e t i c  modes p r o p a g a t e  a l m o s t  undamped Cy; = 0) 

i r .  the r e g i o n s  w 2 ;ayn. The d i s p e r s i o n  r e l a t i o n s  o f  t h e  modes 

have the form (see F i g .  5 )  

where c, = c / ( c i ) '  is t h e  "h igh  f requency"  v e l o c i t y  o f  l i g h t .  

I n  the a b s o r b i n g  r e g i o n s  w 5 Gay,,, where k i  f 3 one o b t a i n s  

The s p l i t t i n g  of the d i s p e r s i o n  r e l a t i o n  a t  z e r o  wave 

vector Fa given by 
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INELASTIC LIGHT SCATTERING IN CONDUCTING CRYSTALS 209 

Fig.  5 Dispersion re la t ions  for dynamically d i f f rac ted  (+,-) 

and undiffracted (0) long wavelength electromagnetic eigenmodes 

i n  a c o l l i s i o n l e s s  s o l i d - s t a t e  plasma. Neglecting band structure 

e f f e c t s  the curves approach a common nondispersive w (2) - re la t ion  

(-1 a t  high frequencies.  The shaded part of the lower branch 

shows the region of anomalous transmission. 
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( 5 8 )  

The minus s i g n  mode s u f f e r s  enchanced a b s o r p t i o n  s ince 

3 

damping t h a n  t h e  unper turbed  mode. T h i s  l e a d s  to  anomalous 

t r a n s m i s s i o n  of e l e c t r o m a g n e t i c  waves below t h e  plasma edge i f  

w < ii a c o n d i t i o n  which can be e x p r e s s e d  by the  i m p o r t a n t  

i n e q u a l i t y  

< s- ay,,, whereas t h e  p l u s  s i g n  mode i s  s u b j e c t e d  to  a smaller 

-+ 
dYn P' 

Up to now e x p e r i m e n t a l l y  s t u d i e s  of sound induced anomalous 

t r a n s m i s s i o n  below t h e  plasma edge i n  semiconductors  have n o t  

been c a r r i e d  out. 
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